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Instability in a system of two interacting liquid films: Formation of liquid 
bridges between solid surfaces 

Mikel L. Forcadaa) 
IBM Research Division, Almaden Research Center, San Jose, California 95120-6099 

(Received 18 August 1992; accepted 15 September 1992) 

A theoretical study of systems composed of two solid-supported liquid films that are subject 
to a mutual attractive interaction reveals the existence of a mechanical instability: for 
distances closer than a certain threshold value, the system composed by two separate liquid 
films has no stable equilibrium configurations, and the system collapses to form a 
single liquid body. The sudden condensation of a connecting liquid bridge when two solid 
surfaces are brought to close proximity inside an undersaturated medium has been 
observed experimentally using the surface-force apparatus [see, e.g., Christenson et al., Phys. 
Rev. B 39, 11750 (1989)]. In this paper, these results are explained as follows: first, 
liquid films condense on the surfaces; then, if the distance is short enough, the films jump to 
contact, because of a mechanical instability due to attractive interactions. 

I. INTRODUCTION 

When two condensed-matter bodies interact attrac
tively with each other, it may happen that, at distances 
below a given threshold, no stable-equilibrium configura
tions are available to the separated system; when this hap
pens, the two interacting parts "jump together" and form a 
single, connected body. 

The analytical calculations of Pethica and Sutton 1 and 
the molecular simulations and experiments of Landman 
et af. 2 have shown that such an instability exists for a solid 
tip (such as an atomic-force or scanning tunneling micros
copy tip) in front of a flat solid. Taylor et aZ. 3 have studied 
the instability of two atomically flat solid surfaces as they 
approach each other. 

The experimental results of Mate et af., 4 in which the 
thickness obtained by dipping an atomic-force microscopy 
tip into a solid-supported liquid film appears to be larger 
than the optically determined thickness of the film, have 
been explained in terms of the instability of the liquid sur
face under the attraction of the tip:5-8 for distances shorter 
than a given threshold, the liquid film becomes unstable 
and jumps into contact with the tip, and a neck or bridge 
forms between the tip and the liquid film. 

There is extensive experimental evidence for the sud
den condensation of liquid bridges between two molecu
larly flat solid surfaces brought to close proximity inside an 
undersaturated medium, as observed using the surface
force apparatus.9

-
12 The undersaturated medium is either 

nitrogen gas containing the vapor of a hydrocarbon, or an 
organic liquid containing traces of water. The formation of 
the bridges will be explained here in terms of a mechanical 
instability of thin precursor liquid films that condense on 
the surfaces; this instability causes the liquid films to jump 
into contact and form a bridge. The geometry of this bridge 
is then determined by the interplay of capillary and inter
molecular forces. If the surfaces are then pulled apart, the 

a)Departament de Fisica Aplicada, Universitat d'Alacant, Apartat 99, 
E-03080, Alacant, Spain. 

variation of the total energy of the bridge with distance 
gives rise to an adhesive force. 

The mechanism for the initiation of capillary conden
sation proposed here is therefore relevant to the study of a 
variety of phenomena, many of which have important tech
nological applications: adhesion of surfaces and powders, 
friction of surfaces, etc. 

This paper deals with a linear study of the instabilities 
that develop in the interaction of two liquid films for sys
tems of very low curvature, in which the liquid surfaces 
may be treated as planar. The linearized interaction of two 
liquid bodies via van der Waals forces has also been the 
subject of a quantum-many body study by Garcia-Molina 
et af., 13 but these authors did not consider the existence of 
instability at short distances. 

This report is organized as follows: Sec. II describes 
the theoretical model used; Sec. III applies this model to 
the case of van der Waals interactions; Sec. IV compares 
the predictions of the theory with the available experimen
tal data; and finally, some concluding remarks are given in 
Sec. V. 

II. THEORETICAL MODEL 

The model system that will be studied in this paper is 
shown in Fig. 1. Two laterally infinite liquid films LI and 
L2, both with average thickness t, are bound to planar solid 
substrates SI and S2. The film-solid systems face each other 
across an intervening medium I that may be vacuum, gas, 
or another liquid, containing an undersaturated concentra
tion of the liquid that forms the films. The symbol d will be 
used for the solid-solid distance. The solids, the films, and 
the intervening medium are modeled as continuous, incom
pressible media with sharp interfaces. All interactions in 
the system will be assumed to be additive. 

The mechanism leading to the formation of the bridges 
is proposed to be the following . 
.. . (i) First, liquid films form at the solid surfaces by 
---~ coIi.densation of the undersaturated vapor (or solute) 

from the intervening medium. The thickness of the 

638 J. Chern. Phys. 98 (1), 1 January 1993 0021-9606/93/010638-6$06.00 © 1993 American Institute of Physics 

Downloaded 04 Oct 2012 to 193.145.230.5. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



Mikel L. Forcada: Two interacting liquid films 639 

I .. d -I 

~.dx,y) 

~t--j 

FIG. 1. The model system: two parallel, solid-supported planar liquid 
films. 

films is determined by the activity of the liquid in the 
intervening medium and by the interactions with the 
solid surfaces. In fact, for a given activity, the films will 
grow as the solid surfaces approach (enhanced con
densation), because of the increase of the attractive 
interactions across the gap. 
(ii) After the films have formed, the fate of a random 
fluctuation of the thickness of one of the films depends 
on the way the fluctuation changes the total potential 
energy of the system. If the surfaces are close enough, 
the change in energy may be negative; the fluctuation 
will then grow at a rate determined by the viscosity of 
the liquid and induce a fluctuation in the facing film, 
which will also grow. When the films eventually come 
into contact, surface tension forces will drag liquid to
ward the junction and a bridge or neck will form as the 
new equilibrium configuration. 

The mechanism proposed here is sequential: first, the films 
form from the vapor (or solute), and then, instability 
causes the fluctuations in film thickness to grow hydrody
namically. The decoupling of film formation and fluctua
tions is pertinent to the linear treatment that will be used in 
this paper. But, in addition, fluctuations in film thickness 
during formation of the film may be large enough to cause 
further condensation in the low-energy areas of the film; a 
possible result of the coupling of condensation and fluctu
ations is an earlier onset of the instability that leads to the 
formation of bridges, as suggested by one referee. 

A. Formation of the liquid films: Enhanced 
condensation 

The condensation of liquid on a solid surface from an 
undersaturated vapor or solution of the liquid is due to the 
fact that the free energy of the liquid at the surface of the 
solid-supported film has been lowered by the attraction 
toward the solid. If the liquid film is assumed to be struc
turally identical to the uppermost layers of a body of bulk 
liquid [the Frenkel-Halsey-Hill (FHH) approximation14

], 

the lowering of free energy at the liquid surface with re
spect to the bulk free energy is equal to the change in 

.' I/I->L I/I->L I/I->L 

•• • • o (reference) -U1LS(I) -U1Ls(l) 

+UUL (d-21) 

FIG. 2. Origin of the excess free energy leading to enhanced condensa
tion, Eq. (1). For the systems studied in this work, U1LS > 0 and ULIL <0 
(see text). 

potential energy due to the substitution of liquid by solid. 
Consequently, a liquid film may condense on a solid at 
activities smaller than one. This approximation is only 
valid if the film is thicker than a couple of monolayers, as 
below this thickness the FHH approximation breaks down 
due to entropic effects. 14 

If we have two such solid-supported liquid films facing 
each other, such as in Fig. 1, the attractive interactions 
across the gap induce an additional lowering of the free 
energy of the liquid at the film surface, due to the substi
tution of vapor (or solution)by the facing system. Accord
ingly, for two identical solid surfaces at a given distance d 
and an activity a at the intervening medium, the equilib
rium thickness of the films, t, is determined by 

RT 
V In a= - U1LS(t) + ULIdd-2t) - U1LS(d-t), (1) 

m 

where V m is the molar volume, R is the gas constant, T is 
the temperature, and 

where UAB(z) =UBA(Z) represent the potential energy for 
the interaction of a unit volume of A with a semi-infinite 
volume of B at a distance z, and A, B, and C may be liquid 
(L), solid (S), or intervening medium (I). 

Figure 2 illustrates the meaning of the terms to the 
right of Eq. (1). These terms represent the change in the 
energy that is needed to substitute a unit volume of I by a 
unit volume of L at the L-I interface (represented by a 
small circle in Fig. 2), when the system changes from two 
semi-infinite masses of I and L (t,d -> 00, the reference 
state) to the system studied here. Each term represents one 
of the stepwise substitutions described in Fig. 2: the change 
of semi-infinite liquid to solid at a distance t under the 
interface; the change of intervening medium to liquid at a 
distance d - 2t above the interface; and the change of liquid 
to solid at a distance d - t above the interface. 

The necessary condition for the existence of a con
densed, spreading film of liquid L of thickness t on a solid 
S immersed in medium I is U1LS(t) > o. 

V. \.IIICIII. rl'Y.,., VUI. vo, ''''u. I, I UC:UIUClIY ';;;Iv.;) 
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640 Mikel l. Forcada: Two interacting liquid films 

B. Development of the instability 

Once the films have formed, their surfaces may be un
stable to a small perturbation. To study the stability of the 
system to small perturbations of the film surfaces, a linear 
approach will be used. A perturbation of film 1 will be 
studied (the choice of which film is perturbed is immaterial 
in a symmetrical system). The local thickness of film 1 at 
a position (x,y) along the surface is t+E(X,y), where t is 
the average thickness and E is the extent of the local de
formation. The deformations E will conserve the average 
thickness (no liquid is added to the films). 

The change in total energy of the system in Fig. 1, 
from the unperturbed state (both films have uniform thick
ness) to the state in which film 1 has been perturbed with 
a perturbation E may be shown to be 

E[E] -E[O] 

aE ) 2 (aE) 2] 112 } 
=Yu f dx f dY {[ 1+( ax + ay -1 

+ f dx f dY [ f d

-

2t 

dz Uudz) 
d-2t-€ 

f
d

-
t ft ] - dz UILS(Z) + dz UILS(Z) , 

d-t-€ t+€ 
(3) 

where Yu is the interfacial tension between the film and the 
intervening medium, and the terms UABcCZ) have been 
defined in Eq. (2). 

For a small perturbation of the film thickness of the 
form 

E=€ cos(kx), (4) 

such that its amplitude €, is small compared to t, d, and its 
wavelength 21T/k, the first-order change in energy per 
unity area is 

g2 
lle=- (yu~- f), 

4 

where 

f = U£IL(d-2t) - U:L/d-t) + UfLS(t) 

and-

dUABC 
UABC(z) =----;[;- . 

(5) 

(6) 

.. (7) 

If the value of lle is negative, the system is unstable to 
the perturbation, which will grow exponentially at a rate 
controlled by the viscosity of the liquid film. 

Instability may only happen if the value of f is positive 
and when the wave number k of the perturbation is smaller 
than ke' where ke is the value of k that gives lle=O, 

ke= rY. ffu (8) 

Jain and Ruckenstein 15 have shown that the lifetime T of a 
single, solid-supported unstable film is 

121]Y 
T=t'-f]'2 , (9) 

where 1] and yare the dynamic viscosity and surface ten
sion of the liquid, respectively, t is the thickness and f is 
given to Eq. (6). For typical ideal liquids and nanometer
sized unstable films under nonpolar interactions, T is of the 
order of 1 f..ls. In our system, the viscosity of the interven
ing medium and the boundary conditions imposed by the 
facing system may increase the lifetime of the unstable film 
considerably. 

This is a Rayleigh-Taylor instability,16,17 such as the 
one that appears when a liquid is held upside down in the 
Earth's gravitational field. 

According to Eqs. (1), (6), and (8), for a given ac
tivity a, one may compute a critical distance de below 
which instabilities start to be possible. The distance de cor
responds to the value of d that reduces f to zero in Eq. 
(6). This sets an upper bound to the jump-into-contact 
distance. Actual jump-into-contact distances will be 
smaller because the finite size of the real system will define 
a minimum wave number ke [Eq. (8)]. In a real experi
ment, the solid surfaces will be slowly brought together at 
a certain rate; if the growth rate of the instability is com
parable to the speed of approach, the jump-into-contact 
distances may be even smaller; indeed, a dependence of the 
jump-into-contact distance on the speed of approach was 
observed by Christenson. 11 

III. APPLICATION TO VAN DER WAALS 
INTERACTIONS 

If all forces in the system are assumed to be nonre
tarded, unscreened van der Waals interactions (as in Ref. 
13 ), then the basic interaction terms have the form 

AAB 
. UAB(Z)=-~6 ' 1TZ 

(10) 

where AAB is the Hamaker constant for the van der Waals 
interaction between medium A and medium B. 18 

An expression for f, Eq. (6), may be obtained by 
substituting Eq. (10) into Eq. (2) and differentiating, 

AUL AILS ( 1 1 ) 
f 21T(d-2t)4+ 21T t (d-t)4 , (11) 

where 

AABC=AAC+ABB-AAB-AAC' 

Instabilities are only possible if A UL > O. 

(12) 

The value of the thickness t for a given distance d and 
activity a is, from Eqs. (1), (2), and (10), 

RT AILS AUL AILS 
V m In a 61Tt3 61T(d-2t)3+ 61T(d-t)3 . (13) 

The condition for the condensation of preexisting films is 
AILS <0. 

With Eq. (13), and setting f to zero in Eq. (11), the 
upper bound de for the jump-into-contact distance is ob-
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FIG. 3. The dimensionless function g(x), Eq. (15). 

tained. In this case, it may be shown that the instability 
distance and the activity are related through the simple 
expression 

a=exp ( -~), (14) 

where 

d
o
= ( A1LSV m ) 113g ( _ ALIL ) 

6rrRT AILS 
(15) 

is a typical distance and g(x) is a rather smoothly increas
ing function of x that has to be computed numerically, and 
is shown in Fig. 3; the limiting behavior of g is g(O) 
= 16113, limx_oog(x) =XIl3 , and g(x) > max (16 113, X

Il3
). 

For typical values of Hamaker constants, do is of the 
order of 1 nm. This means that instability distances are 
very short in the case of van der Waals interactions; in
deed, the validity of the continuum model used here is in 
question for such short distances. However, the basics of 
the model (enhanced adsorption due to the facing system, 
mechanical instability below a given distance) may still be 
valid in a molecular representation. 

IV. COMPARISON WITH EXPERIMENT 

A. Cyclohexane bridges 

Fisher and Israelachvili9 used the surface-force appa
ratus to study the properties of bridges of hydrocarbons 
between two mica surfaces. In particular, they studied cy
c10hexane bridges formed from vapor-containing nitrogen. 
They observed contact distances of the order of twice the 
thickness of a monolayer of cyclohexane for low activities 
(a < 0.94), and longer distances for higher activities (a 
monolayer of cyclohexane is roughly 0.5 nm thick). These 
authors made the assumption that the contact distance was 
equal to twice the thickness of the cyclohexane films. 

The value of do (the typical instability distance) for 
the mica-cyclohexane-nitrogen system is 1.7 nm at 21 °C, 
using the following data: Hamaker constants for van der 
Waals interactions, An~O (nitrogen), ALL=5.2X 10-20 J, 
Ass= 13.5 X 10-20 J, AAB~ AX'lA¥J;18 molar volume of 

5r-----r-----~----,-----_r----~~--~ 

~4 
E 

S 
-0'-' 3 
Q) 

" c: 
~ 
c5 2 
a. 
E 
::::J 
-'1 

• Experimental 
Van der Waals pot. 

O~--~~--~~--~~ ____ L-____ L-__ ~ 

0.7 

FIG. 4. The distance for bridge formation de as a function of cycIohexane 
activity in the vapor phase: squares, experimental data by Fisher and 
Israelachvili (Ref. 9); solid line, van cler Waals calculation. 

cyclohexane, V m= 1.08 X 10-4 m3
• This value of do leads to 

a large overestimate of the jump-to-contact distance ob
served, as shown in Fig. 4, where the theoretical result is 
compared to the experimental data of Ref. 9. 

In addition to the possible inadequacy of a simplified 
van der Waals treatment, as pointed by Beaglehole et al. 19, 

there are two more reasons for the discrepancy shown in 
Fig. 4: first, the films are too thin for a continuum descrip
tion such as the one used in the present theory; second, the 
dynamics of the film may be too slow, and its lifetime may 
be much longer than the time for the approach of the 
surfaces. 

It has to be commented that the geometry used in the 
surface-force apparatus is not exactly planar. The mica 
surfaces are cylindrical and crossed, which simplifies the 
alignment process; however, due to the large radii of the 
cylinders and the short distances involved, they may be 
treated as planes to a very good approximation (this is 
usually called the Deryagin approximation 18). 

B. Water bridges 

1. van der Waals treatment 

As a first approximation, the formation of water 
bridges between two mica surfaces immersed in an under
saturated solution of water in octamethylcyclotetrasilox
ane, reported in Refs. 10 and 11 may be analyzed using the 
van der Waals approximation of Sec. III. 

The following Hamaker constants will be used, to
gether with the relation AAB~A;:lA::i- Ass= 13.5 X 10-20 

J;18 ALL =4.8XlO-20 J (from Ass and ASLs=2.2XIO-20 
J);18 An=4.4X 10-20 J (estimated from the surface ten
sion of the liquid, y=0.0216 J).18 Using these constants 
and the molar volume of water, 1.8X 10-5 m\ the value of 
do [Eq. (15)] at 21 °C is very small, 0.236 nm. Figure 5 
shows the experimental data of Christenson et al., 10 to
gether with the van der Waals results (dashed line). As 
can be seen, the van der Waals approximation underesti-
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FIG. 5. The distance for bridge formation de as a function of water 
activity in the intervening medium: squares, experimental data by Chris
tenson et al. (Ref. 10); dashed line, van der Waals calculation; solid line, 
results of empirical treatment based on the experiments of Beaglehole 
et al. (Ref. 19) (see text); dotted line, results using the Kelvin equation 
(Ref. 10). 

mates the distance in most cases. This is an expected result, 
since polar effects are very important both for water-water 
and water-mica interactions. 

2. Empirical treatment 

In the absence of a suitable theory for water-water and 
water-mica interactions, an empirical potential can be de
rived from experimental data to try to get a better agree
ment. 

Beaglehole et al. 19 have recently measured the thick
ness of water films adsorbed on mica as a function of the 
activity of water vapor. Their results show the inadequacy 
of Lifshitz theory (an exact continuum theoryl8 that re
duces in some limits to the simple van der Waals treatment 
used in this paper) for this system. For water thicknesses 
larger than two or three monolayers, one may use the FHH 
approximation used in Sec. II A for a single water film on 
mica, neglecting the interactions with the vapor, 

RT 
V In a=uLS(t) -ULL(t)· 

m 
(16) 

Then, a fit of one of the sets the experimental data of Ref. 
19, yields 

(17) 

with A = 1.02 X 10- 11 J m2
• The values of ULL and ULS can 

be estimated to be proportional to the surface tension of 
water, 0.073 J/m2

,18 and to the geometric mean of the 
surface tension of water and an estimate of the surface 
energy of mica, 0.120 J/m2,20 respectively. For the inter
actions with octamethylcyclotetrasiloxane, the van der 
Waals potentials are used, since the liquid is almost non
polar. 

This, in conjunction with Eq. (1) and /=0 in Eq. (6), 
was used to obtain numerically the instability distance de 
corresponding to each activity. The results obtained in this 

way are in much better agreement with the experimental 
data of Ref. 10, which suggests that the mechanism pro
posed here may be the one responsible for the formation of 
the water bridges. 

Christenson et al. 10 compared their experimental re
sults to those that may be obtained by a simple analysis of 
the bridge once it has formed, using Kelvin's equation for 
capillary condensation, 

RT -I-I V In a=yu(R I +R2 ), 
m 

(18) 

where R I and R2 are the radii of curvature of the interface 
between the liquid and the intervening medium. For a 
bridge geometry, these authors used R2<,.R I r;;;t,dI2, neglect
ing the thickness of the liquid outside the bridge area, and 
assuming a zero contact angle. (The results of this equa
tion are shown in Fig. 5). As may be seen, they are similar 
to the results obtained with the empirical binding potential 
(long-dash line). However, Kelvin's equation, only valid 
once the bridge has formed (since it refers to a single liquid 
body), assumes that intermolecular interactions are not 
important. This is not the case here, as, when the bridges 
form, the separation between the surfaces is very small; a 
correct description of the bridge, once formed, should in
clude both capillary and interaction terms. 

V. CONCLUDING REMARKS 

This paper reports a theoretical study of systems that 
are composed of two facing planar, solid-supported liquid 
films. The study shows the existence of a mechanical in
stability due to the mutual attractive interaction, that ap
pears when the solid-solid distance is shorter than a cer
tain threshold, and leads to collapse of the liquid films and 
subsequent adhesion of the solid surfaces. It is shown that 
this threshold distance depends on the thickness of the 
films, which in turn is related to the activity of the film 
molecules in the medium between the films. 

The theory has been used to model the sudden forma
tion of a connecting liquid bridge between two solid sur
faces, when they are brought together inside an undersat
urated medium, as observed by various researchers9

-
12 with 

the surface-force apparatus. These calculations provide an 
explanation for the phenomenon; a mechanism of bridge 
formation is proposed which involves the instability and 
collapse of preexisting liquid films, rather than the sudden 
phase separation suggested by Christenson et al. 10 

For cyclohexane bridges,9 a model based on the inter
play of nonretarded, unscreened van der Waals interac
tions leads to an overestimation of the jump-to-contact dis
tance. This discrepancy may be due to the breakdown of 
the continuum description, as well as to a very slow dy
namics of the instability. 

For water,1O as would be expected, the van der Waals 
model leads to a gross underestimation of the distance at 
which collapse occurs; however, a much better agreement 
is obtained by using an empirical expression for the inter
action of water films with mica surfaces, based on the ad
sorption measurements by Beaglehole et al. 19 
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The results in this paper suggest that, in general, the 
mechanical instability of solid-supported liquid films inter
acting at short distances may be responsible for the initia
tion of liquid bridges that lead to the adhesion of solid 
surfaces immersed in undersaturated media. 
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